Problem set 4, 3 March, 2025

Definition 1 A random variable has normal distribution with mean m and variance o2 if its density function

1s defined by ,
1 _
fl) = \/ﬂ.g'e’(p(@gagb))'

This is denoted by X ~ N(m,c?)

A random wvariable Z has standard mormal distribution if it has normal distribution with mean m = 0 and
variance o = 1, that is, Z ~ N(0,1). Its density function is given by

¢<x>=1-exp(—””;).

That is, for every a < b we have

IF’(a<X<b):/abf(x)dx:/ab\/§.o-exp(—w>dx.

The cumulative distribution function of the standard normal distribution is denoted by ®:

@(t):P(th):/;V%-exp(—f)da:.

We can use that ®(—x) = 1 — ®(z), and ®(0.5) = 0.6915, (1) = 0.8413, B(2) = 0.9772, D(3) = 0.9987.

Definition 2 Random variables X1, ..., X, are independent if
P(Xl <t1,Xo <tg,..., X, <t,)=P(X; < t1) -]P’(Xg < t2) -]P’(Xn < tn)

holds for all real numbers ty,to, ..., ty,.

Proposition 3 Let X and Y be independent random variables with normal distribution. Then

a) for real numbers ¢ # 0 and d, the random variable cX + d has normal distribution with mean c¢-E(X) +d
and variance c¢?Var(X);

b) for every real number t we have (X —m)/o has standard normal distribution, and

P(th):P(X_mgt_m> :@(t_m).

g g g

¢) X +Y has normal distribution, and E(X +Y) =E(X) + E(Y), and Var(X +Y) = Var(X) + Var(Y).

d) If X1, Xo, ..., X, are independent normal variables with mean m and variance o2, then their mean also has

a normal distribution: )
— X5 +...+X
X = At T A N(m, U)_
n n

1. Generate m = 1000 independent, different samples, each consisting of n = 2000 independent random
variables with

(a) Poisson distribution with parameter A = 1;

(b) exponential distribution with parameter 1;

(¢) uniform distribution on the interval [0, 2].

(d) uniform distribution on the interval [—3, 5]

Calculate the mean of each sample, and make a histogram (on four different figures) of these means.

Then, let us take just one sample consisting of n = 2000 elements (with the distributions given above),
and plot the mean of the first k elements as a function of k (here k =1,2,...,2000). Are the four figures
similar? What are the differences?

Poisson distribution:
> samplea=matrix(rpois(1000%2000, lambda=1), nrow=1000)

> meana=rowMeans (samplea)
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> hist(meana, col="yellow", main="Mean of Poisson distribution",
xlab="values", ylab="frequencies", freq=F)

> curve(dnorm(x, mean=1, sd=1/sqrt(2000)), from=0.94, to=1.07, lwd="3", col="blue", add=T)

> plot(cumsum(sampleal1,])/(1:2000), col="blue", lwd="3", xlab="k", ylab="mean",
main="Mean of Poisson distribution")

> lines(abline(a=1, b=0, col="red", lwd="3"))
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Exponential distribution:
sampleb=matrix (rexp(1000%2000, rate=1), nrow=1000)
meana=rowMeans (sampleb)

hist(meana, col="yellow", main="Mean of exponential r.v.", xlab="values",
ylab="frequencies", freq=F)

curve (dnorm(x, mean=1, sd=1/sqrt(2000)), from=0.94, to=1.07, 1lwd="3", col="blue", add=T)

plot(cumsum(sampleb[1,]1)/(1:2000), col="blue", lwd="3", xlab="k", ylab="mean",
main="Mean of exponential r.v.")

lines(abline(a=1, b=0, col="red", lwd="3"))
. Suppose that the temperature in Budapest, on October 31 at midnight has normal distribution X with

mean 1 and variance 4 (that is, X ~ N(1,4)), in Celsius degree).
a) What is the probability that the temperature at midnight on the given day is below 0° C?

b) What is the probability that the temperature is between —1°C and 3°C?

¢) Generate a random independent sample of size 1000 from the normal distribution with mean 1 and vari-
ance 4. Make a histogram, calculate the mean and the standard deviation, and determine the proportion
of the elements between —1 and 3.

> temp=rnorm(1000, mean=1, sd=2)

> hist(temp, col="orange", main="Normal distribution", xlab="values",
ylab="frequencies", freq=F)

> curve(dnorm(x, mean=1, sd=2), from=-6, to=8, lwd="3", col="blue", add=T)

> length(temp[(-1<temp)&(temp<3)]) /1000

[1] 0.704

. Suppose that the volume of mineral water in a bottle has normal distribution, with standard deviation

0,01 (in litres). What is the mean of the distribution if the probability that the volume is less than 0,5
litres is 2%?
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4. We install a programme which consists of n = 68 components. The time of the installation of each file
has mean m = 10 and o = 2 (in seconds), and these are independent of each other.

a) Calculate the probability that the sum of the installation time is at most 12 minutes, supposing that
the installation times have normal distribution.

b) Approximate the same probability without assuming normal distribution.
¢) The next version consists of k files, with the same rules as above. We also know that the probability
that the total time is less than 10 minutes is 95% percent. Determine the value of k.

5. Suppose that X7, Xo,..., are independent random variables with Poisson distribution, and the variance
of each X is equal to 3.

a) Find the almost sure limit of X1FXatetXn

b) Find the limit of P(W < 1) as n tends to infinity.

6. Suppose that X, X, ..., are independent random variables with exponential distribution, and we also
know that P(X; > 1) = e™3.

a) Find the almost sure limit of w

1

b) Find the limit of P(W < 1) as n tends to infinity.

Random variables X,Y are identically distributed if their cumulative distribution function is the same: P(X <
t) = P(Y <t) holds for every t.

Theorem 4 (Law of large numbers) Let X, Xo, ... be independent identically distributed random variables.

Suppose furthermore that m = E(X;) < co. Then

X1+ Xo+ ...+ X,
= —
n

>

n

E(Xl) =m
holds with probability 1 as n — 0.

Theorem 5 (Central limit theorem) Let X, Xs,... be independent and identically distributed random vari-
ables, for which E(X1) = m and s.d.(X1) = 0 < 00, that is, their variance is finite. Then for every real number

t we have
<X1+X2+...+Xnn~
P
ovn

where Z has standard normal distribution, that is,

mgt)aIP’(th) (n — o),

Homework until 9 March, Sunday, 23:59 Suppose that the density function of the random variable X is
of the following form:

z+cx?, if0<z<I;
e = {

0, otherwise.
a) Determine the value of c.

b) Determine the expectation of X.
c¢) Determine the following conditional probability: P(X < 1/4|X < 1/2).



