MULTIVARIATE DIFFERENTIATION

Partial derivatives of R? — R functions

Theoretical notes

In the linear space R?, the Euclidean norm of a vector (x,y) € R? is defined as:

||(x,y)|| = /22 + 92
The distance between two points x,y € R? is defined using the norm as:
d(z,y) =z —y|  (ze€R?.
The neighborhood of a point a € R? with radius r > 0 is the set:
Ki(a):={z eR® | |z —a| <r}.

K, (a) is the open disk of radius r centered at the point a.

Let
feR? =R and a = (a1,a2) € int Dy.

The graph of the function in space is the surface given by the
equation z = f(x,y). Let us draw a line passing through the
point a and parallel to the z-axis (the t-axis). The points of
this line in the xy-plane are:

(a1 +t,a2) (t e R).

Let us take the function values at these points and form the
real-valued function:

Fw(t) = f(ay + t,a2> ((a1 +t, ag) S Df).
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This function is defined in a neighborhood K (0) of the point
t = 0 because a € int Dy. The image of the function F} is a
curve (intersection curve) on the surface, i.e., the intersection of the surface given by z = f(z,y) and the plane
y = ag (x,z arbitrary). The partial derivative of the function f with respect to x at the point a
(denoted by 8, f(a) or 81 f(a)) is defined as the derivative of the function F, at the point 0, provided
that the derivative exists, i.e.,

1 ay ap +t T

0, f(a) = D f(a) = FL(0) = lim L2 = F=(0) _ y Jlar ¥ t00) = Jlar, 0a)

t—0 t t—0 t

F!(0) represents the slope of the tangent line to the intersection curve at the point P(a, f(a)).
The partial derivative with respect to y is defined similarly: Fy(t) := f(ai,a2 +t) (t € K(0)), and

9,£(a) i= Baf(a) = F1(0) = lim 2O = Fu(0) _ py J(@r,a2 £0) = Jlar,a2)

t—0 t t—0 t

Exercise 1. Find the partial derivatives of the following functions.
a) f(z,y) :=In(ey?) — *ycos(@® +¢%) (> 0,y #0),

b) flz,y) = arctan(%) (x #0,y € R).



Solution To compute the partial derivative of a function f € R? — R with respect to
the variable x, we fix the variable y as a constant, and differentiate the expression as a
real-valued function which depends only on x (if it is differentiable). We proceed in a
similar way for computing the partial derivative with respect to the variable y, but now
we consider x a constant and differentiate the expression with respect to y.

a) f(z,y) == In(xy?) — 2’y* cos(z® + y?)

) = p ), — (@ con(a® +42) + 2 conla® +17))’)
= 1331;2 y® — 32%y? cos(2® + y°) — 2°y° (— sin(z” + y2>) (z* + ),
— xly2 y? — 32%y® cos(a® + y?) + 2y’ sin(x? + y*)2z
_ i — 322y cos(® + %) + 20"y sin(a? + o),

0, (z,y) = x?1ﬂ<xy2); _ ((I?’yQ); cos(a? + y?) + I3y2(cos(;p2 + yz));)

_ 1 3 2, .2 3,2( o2 2\ (2 | 2V
_x—y22xy—2x ycos(z® +y*) — 2’y (—sm(x —l—y))(x +y7)y
_ 1 3 2, .2 3,2 (2 2

—@2xy 22°y cos(z” 4+ y°) + x°y” sin(x® + y°)2y

2
== 2%y cos(q:2 + y2) + 2233 sin(x2 + y2).
Yy

b) f(z,y) := arctan(¥)

Oul,y) = — (E/)/_l (1>'_1 (_1)__3/
VT e G, T i@ VG, T i@ U e) T T2y

Theoretical notes

Totally differentiable function: A function f € R? — R is totally differentiable (or differentiable) at a
point a € int Dy (denoted as f € D{a}) if

SA e R, i Mot h) —fla) = A-h|

0.
h—0 It

In this case, f'(a) := A is the derivative matriz of the function f at the point a.
If f € D{a}, then the derivative matrix f’(a) is uniquely determined.

Construction of the derivative matriz Let f € R* — R be a function, and let a € intDy. If f € D{a},
then 30; f(a), 302f(a), and
f'(a) = (01f(a) 02f(a))

is the so-called Jacobian matriz.

The existence of partial derivatives does not imply total differentiability. However, if we assume slightly more
than the existence of partial derivatives, we can guarantee total differentiability.



Sufficient condition for total differentiability: Let f € R? — R and a € int Dy. Assume that there exists
a neighborhood K (a) C Dy of the point a such that the following conditions hold:

a) 301 f(z) and 02 f () at every point x € K(a),
b) the partial derivative functions 9; f, 92 f: K(a) — R are continuous at the point a.
Then the function f is totally differentiable at the point a.

Continuously differentiable function: A function f € R? — R is continuously differentiable at the
point a € int Dy (denoted as f € C*{a}) if:

a) There exists a neighborhood K (a) C Dy such that f € D(K(a)), and

b) every partial derivative is continuous at the point a.

Partial derivatives of second order: Let f € R* — R and a € int Dy. If for a fixed i = 1,2, the partial
derivative 0; f exists in a neighborhood of the point a, and the partial derivative of the function 0; f with respect
to the j-th variable (j = 1,2) exists at a, then the number 9;; f(a) := 9;0; f(a) := 9;(;f)(a) (interpreted as
the j-th partial derivative of the function 9;f € R™ — R at a) is called the second-order partial derivative
of the function at a with respect to ij.

Twice differentiable function: The function f € R? — R is twice differentiable at the point a € int Dy
(denoted as f € D*{a}) if:

a) There exists a neighborhood K(a) C Dy such that f € D{x} at every point & € K(a), and
b) Vi=1,2,...,n index, 0;f € D{a}.

Then, the matrix

no . (Oufla) Oiaf(a) 2%2
fila) = (8211‘(&) 322f(a)> €K

is called the Hessian matrix of the function f at the point a.

Young’s theorem: If f € R? — R and f € D?{a}, then
O12f(a) = Oa1f(a).

Therefore, the Hessian matrix is symmetric.

Twice continuously differentiable function: A function f € R? — R is twice continuously differen-
tiable at the point a € int Dy (denoted as f € C?{a}) if:

a) There exists a neighborhood K (a) C Dy such that f € D?(K(a)), and

b) every partial derivative of second order is continuous at the point a.

Local extrema of R? — R functions

Theoretical notes We say that the function f € R? — R has a local mazimum at the point a € int Dy
(or equivalently, that a is a local maximum point of f) if there exists a neighborhood K(a) C Dy such that

Vz € K(a): f(z) < f(a).

In this case, the value f(a) is called the local maximum of f.
Similarly, the notions of local minimum point and local minimum are defined analogously.
Necessary condition for local extrema. Assume that f € R? — R and a € int Dy. Additionally,

o fe D{a}, and

e the function f has a local extremum at the point a.
Then f'(a) =0, ie., f'(a) = (01f(a) 2f(a)) = (0 0).
Sufficient condition for local extrema. Let f € R*> R, a € int Dy, and f € C?{a}. Assume that

O1f(a) =0 and 0Oaf(a) =0.

o O f(a) Oaf(a)
D(a) := det (8;1]‘(&) 8;;”(@)) .

Define

Then:



1. If D(a) > 0 and 911 f(a) > 0 [or d11f(a) < 0], then f has a local minimum [or maximum] at a.
2. If D(a) < 0, then f has no local extremum at a (this is called a saddle point).

3. If D(a) = 0, this test does not determine whether a is a local extremum or not.

Exercise 2. Find the local extreme values and their places of the following functions.
a) f(z,y) :=2* — 4oy +o° + 4y ((x, y) € ]R2),
b) flry) =o' —doy+y'  ((@y) €R?).

Solution The functions in the exercise are twice continuously differentiable on R? because
they are bivariate polynomials.

a) flz,y) =22 —day+y*+4y  ((x,y) €R?)

Necessary condition:

nf(ry) = 2w—dy =0

a2f(:'3,y)=—4x+3y2+4:o} = =2 = (2y)+3y"+4 =0

Hence

2
3y2—8y+4:(y—2)(3y—2):0 — y=2 or y:§,

Therefore, the stationary points of the f function, i.e., the possible locations of local
extrema, are:

P(4,2), P(3.2)

Sufficient condition: The second-order partial derivatives at a point (x,y) € R? are

onf(z,y) =2, Ownf(r,y) =—4=0uf(r,y), Ownf(zy) =06y

v (Buf(ey) Oufwy)) (2 4
/ (x,y)_<821f(x,y) 322f(x,y)> _<_4 6y>’

D(x,y) = det f"(z,y) = 12y — 16, 011 f(x,y) = 2.

Hence

At the point Py(4,2), D(4,2) =12-2—16 =8 > 0 and 011 f(4,2) = 2 > 0. Therefore

Py is a local minimum point, and the minimum value is f(4,2) = 0.

At the point Pg(%, %), D(%, %) =12-2/3—-16 = —8 < 0. Therefore the function f has
no local extremum at P.

b) fla,y) =2t —duy+y'  ((z,y) € R?)

Necessary condition:

Of(z,y) = 4a°—4y B
Ooflry) = —dv+4y> =0 Y77

I
o

= —z+ (2P =0.



Hence
—r+2=2(1-2%=0 = 2=0 =1 o v=—1,

Therefore, the stationary points of the f function, i.e., the possible locations of local
extrema, are:

P(0,0), Py(1,1), Py(—1,-1).

Sufficient condition: The second-order partial derivatives at a point (z,y) € R? are

811f<l’,y) = 12&327 al2f<x7y) =—4= 8y1f<x7y)7 822f(£€,y) = 12y2

" ~ (Ouf(z,y) Ownflx,y)\ (122 —4
Fia,y) = <aif(x,y) Q;Zf(x,y)> - ( —4 12y2> ’

Hence

D(x,y) = det f"(x,y) = 1442%y* — 16, Oy f(wz,y) = 122%

At the point P;(0,0), D(0,0) = —16 < 0. Therefore the function f has no local extremum
at Po.

At the point Py(1,1), D(1,1) = 144 — 16 < 0 and 041 f(1,1) = 12 > 0. Therefore P, is
a local minimum point, and the minimum value is f(1,1) = —2.

At the point Py(—1,—1), D(=1,—1) = 144 — 16 < 0 and Oy f(—1,—1) = 12 > 0.

Therefore Pj is a local minimum point, and the minimum value is f(1,1) = —2.

Global extrema of R? — R functions on compact sets

Theoretical notes

The statements about finding global extrema for real-valued functions can be generalized to the case of multi-
variable functions.

Weierstrass theorem: Assume that H is a bounded and closed set in the Euclidean space R?, and the function
f: H — R is continuous. Then the function f has global extremum points, i.e.,

o dzy € H,Vx € H: f(z) < f(x1) (21 is an global maximum point),

o Jzo€e H,Vx € H: f(z) > f(x2) (z2 is an global minimum point).

Let H C R? be a compact, i.e. a bounded and closed set. Assume that the function f: H — R is continuous,
and also differentiable at every interior point of H. Then f attains its largest (smallest) value either on the
boundary of the set H, or at an stationary point a (91 f(a) = 0 and d2f(a) = 0) in the interior of H.

Exercise 3. Find the global extreme values and their places of the following function on
the set H.

f(z,y) == 2zy — 3y, H::{(x,y)€R2‘O§x§2,Ogygxz}

Solution The set H is the plane region enclosed by the parabola y = 2% and the lines
y = 0 and = 0, as shown in the figure. This set is bounded and closed. The function f is
continuous on H, so by the Weierstrass theorem, the values of the function on H include
both a maximum and a minimum.



The function f is differentiable in the interior of the set H. The global extrema of f may
occur either at interior points of H (which must then also be stationary points) or on
the boundary of H. First, we determine the stationary points of the function within the
interior of H. Since

Oyf(x,y) = 20—-3 = 0 — z=23/2 and y =0,

the stationary point of f is
P(%, 0).
However, P is not in the interior of H. Therefore, the global extrema of f on H are on

the boundary of H.
Y
Next, we examine the values of f along the boundary of C

H. The boundary of the set H can be divided into three 4
parts. The task is to determine the global extrema of f
on each part. To do this, we express the values of f along 3 /

-2

each part of the boundary using a real-valued function g
defined on a closed interval. The possible global extrema
of g are either at stationary points within the interval
(where ¢’ = 0) or at the endpoints of the interval. Denote D

Z

I

=

A(0,0), B(2,0), C(4,2).

=
—
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Segment AB: y = 0, where 0 < x < 2. Then, the function

qi(@) = f(z,00=22-0-3-0=0  (v€0,2])

is constant. Therefore, a global extremum for f may occur at any point along the segment
AB.

Segment BC: z = 2, where 0 < y < 4. Then, the function

wly) =f2y)=22y-3y=y (ye0.4])

is increasing, so it has global extrema at y = 0 and z = 4. Therefore, a global extremum
for f may occur at the points B and C.

Piece of a parabola AB: y = 2, where 0 < z < 2. Then, the function

g3(z) := f(x,2°%) = 22 - 2%y — 32° = 22° — 32? (x € [0, 2])
has stationary point where the condition g(z) = 0 holds:
gs(z) = 622 — 62 = 6x(r — 1) =0 = r=0 or z=1,

but # = 0 is not in the interior of the interval [0,2]. The value z = 1 leads us to point
D(1,1), where a global extremum for f may occur. The values z = 0 and x = 2 may also
be considered because they are the boundaries of the interval [0, 2], but these lead us to
points A and C, which have already been considered.



Finally, we compare all the values of f at the previously mentioned points where global
extrema might occur.

.« f@0)=0 (zel0,2]),
e f(4,2)=4 = f has a global maximum at the point C.

e f(1,1)=—=1 = f has a global minimum at the point D.

Exercise 4. Determine the absolute extremum points and the absolute extrema of the func-
tion
fz,y) =2 — 12z + 4> — 3y ((x,y) € ]R2>

on the following set:

H::{(x,y)€R2|—2§x§3, —xSySZ}.

Solution The set H is a bounded and closed triangle with vertices A(—2,2), B(3,—3),
and C(3,2). The function f is continuous on H, so by the Weierstrass theorem, the
function attains both a maximum and a minimum value on H.

The function f is differentiable in the interior of H because it is differentiable at every
point in R%. The absolute extremum points can either be in the interior of H (in which
case they are also stationary points) or on the boundary of H.

First, we determine the stationary points of the function in the interior of H. Since

O f(x, = 322-12 = 0

a;gng — 323 = 0} — o =2 and y = =£1,
Y ’

the stationary points of f are:

Pl(_z)_]->7 PQ(_27]-)7 P3<27_]-)7 P4(27]-)7

but only P; and P, are in the interior of H. It is not necessary to determine which of these
is a local extremum point since there are only two points. It is sufficient to calculate

F(P) = f(2,-1) = —14 and f(P) = f(2,1) = —18

and compare these values with those at other possible absolute extremum points.

Next, we examine the values of f on the A Ya c
boundary of H. The boundary of H can 2 E

be divided into three segments. The task is il

to determine the absolute extremum points y by

of f on each segment. For this, we represent
the values of f on a given segment using a

real-valued function ¢ defined on a closed 3 < P 1D
interval. The possible absolute extremum <

points of g are either the stationary points -2

within the interval (where ¢ = 0) or the

endpoints of the interval. -3 B



Segment AB: y = —z, where —2 < x < 3. In this case,

gi1(z) = f(z,—x) = =9z (9(: € [—2,3])

is a strictly decreasing function. Therefore, x = —2 and = = 3 are the absolute extremum
points of gy, corresponding to points A and B:

F(A) = f(=2,2) =18 and f(B) = f(3,—3) = —27.
Segment BC: x = 3, where —3 < y < 2. In this case,

o) =fBy=1"-3y-9 (ye[-3.2).

Since
g(y) =3y*—-3=0 = y==I,

the possible absolute extremum points of g are y = =3, y = —1, y = 1, and y = 2. Their
values are:

92(_3> = _277 92(_1) = _77 g2<1> - _117 92(2) =—T.

Therefore, y = —3, y = —1, and y = 2 are the absolute extremum points of g, corre-
sponding to points B, D(3,—1), and C, respectively:

Segment AC: y = 2, where —2 < z < 3. In this case,

gs(x) = f(z,2) =2 —120+2 (v €[-23])

Since

G(r)=32"-12=0 = 1==2
the possible absolute extremum points of g3 are x = —2, x = 2, and x = 3. Their values
are:

93(=2) =18, g3(2) = —14, ¢3(3)=-T.

Therefore, x = —2 and x = 2 are the absolute extremum points of g3, corresponding to
points A and FE(2,2), respectively:

fE)=/f(2,2)=-14.
Comparing the obtained values

f(P3):_147 f(P4):_187 f(A):l& f(B):_277 f(C):_7a f(D):_7’ f(E):_14

we see that the absolute maximum of f on H occurs at A(—2,2) with f(—2,2) =18, and
the absolute minimum occurs at B(3, —3) with f(3,—3) = —27. Thus,

min f(z,y) = f(3,-3) = —27|, max f(x,y) = f(—2,2) = 18|.

(zy)eHd (zy)eH




